Centrifugal stretching in the deformed rare-earth nucleus 170 Hf is investigated using high-precision lifetime measurements, performed with the New Yale Plunger Device at Wright Nuclear Structure Laboratory, Yale University. Excited states were populated in the fusion-evaporation reaction 124 
I. INTRODUCTION
In deformed rare earth nuclei, significant deviations from rigid rotor model energy level predictions have been observed. The most obvious sign of disagreement is in the energies of rotational band members, which do not follow a simple J (J + 1) rule and are a sign that the nucleus is undergoing a change in the moment of inertia with increasing angular momentum J . A change in the moment of inertia may be caused by alterations in the quadrupole (β) deformation of the nucleus due to an elongation of the ellipsoid. This evolution in structure would lead to observable changes in the quadrupole moment of a given state as a function of J . Such an increase in β deformation is referred to as centrifugal stretching, which has been verified in a recent study of 168 Hf [1] through precise measurements of lifetimes of high-lying members of the ground state band (GSB). To date, centrifugal stretching has not been widely studied within the rare-earth region, especially by means of high-precision lifetime measurements, which are needed to reveal changes in transition quadrupole moments on the order of few percent. Transition quadrupole moments are an indicator for the β deformation of the nucleus in its excited states. In the present work, we investigated the even-even, more deformed neighbor isotope of 168 Hf, 170 Hf.
Centrifugal stretching may only occur if the nucleus is not rigidly deformed, meaning that a certain degree of β-softness needs to be introduced. Many models have emerged over the past years that take this degree of freedom into account; most are based on the geometrical Bohr Hamiltonian [2] ,
which is appropriate because the stretching of a nucleus refers to a geometrical phenomenon. The variables β and γ are the quadrupole shape parameters, and V (β, γ ) may be approximated by an exactly separable potential such as V (β, γ ) = ν(β) + μ(γ ). The partial derivatives in β and γ relate to the degree of softness of the potential. Nuclear shape phase transitions have extensively been studied in recent years (see [3, 4] and references therein), between spherical and deformed nuclei, as well as between prolate and oblate deformations [5] . The Bohr Hamiltonian has been used extensively to model transitional nuclei, especially on the transition paths from spherical to axially symmetric, or to γ -soft nuclei. The simplest potential used was an infinite square well potential as an approximation to the potential in β at the critical point of the phase transition. For the spherical to axially symmetric deformed first-order phase transition this led to the introduction of the X(5) solution [6] . Nuclei which are known to be close to this transition, i.e. 150 Nd [7] , 152 Sm [8] and 154 Gd [9] , are known to exhibit enhanced β-softness, and therefore exhibit the effect of centrifugal stretching. Model calculations (e.g., in Refs. [10] [11] [12] ) support the occurrence of enhanced fluctuations in β near the critical point also. Rare earth nuclei toward midshell are close to the limit of axially symmetric deformed rotors, which are algebraically classified under the SU(3) group [13] . The exact rigid rotational limit of SU (3) is never exactly realized due to a remaining width of the potential and, hence, fluctuations in β. Fits [14] within the interacting boson model (IBM) showed some significant deviations from the SU(3) limit-the heavier stable [168] [169] [170] [171] [172] [173] [174] Hf isotopes were located close to the U(5)-SU(3) transition leg, near the shape-phase transitional region, involving only a small degree of γ -softness.
If the nuclear potential is soft in the β degree of freedom, level energies do not exactly follow a J (J + 1) dependence as a function of angular momentum. Models like the variable moment of inertia (VMI) model [15] can account for this by varying the moment of inertia using some parametrization. In recent works within geometrical models [16] [17] [18] spindependent moments of inertia or mass terms were introduced in order to reproduce level schemes. The confined beta-soft (CBS) model, [19] inspired by the X(5) work of Iachello [6] , varies the potential in β by adjusting the location of the inner wall of an infinite square well potential in β between the bounds of zero up to the location β W of the outer wall. The effect of centrifugal stretching inherent in the CBS and other geometrical models is not due to parametrizing moments of inertia, but depends on the softness of the potential in β. The stretching is due to a shift in the center of mass of a state's wave function in the potential with increase of angular momentum J , not due to a variation of the potential with J . Good agreement with data was found, e.g., for 168 Hf [1] . In the present work, we further investigated the changes of (transitional) quadrupole moments within the GSB as a function of spin through precision lifetime measurements. The new data indicate a variation in the moments of inertia due to variable quadrupole deformation, and is compared to a fit within the CBS model.
II. EXPERIMENT AND ANALYSIS
In order to obtain information on the evolution of quadrupole deformation within the ground state rotational band, we would ideally measure the quadrupole moments of the respective excited states. Since this is a difficult task, the typical approach is to extract so-called transition quadrupole moments from reduced B(E2) transition strengths via [20] 
which, from comparison to geometrical models, are related to an effective β deformation through
where (Ze) is the nuclear charge and R the nuclear radius. The denominator in Eq. (2) 124 Sn target was mounted in the Yale plunger device [21] , followed by a Au stopper foil of 13 mg/cm 2 thickness, which stopped recoiling reaction products and let the beam pass into a lead beam-dump. Coincident (minimum twofold) γ rays were detected by clover detectors from the YRAST-Ball array [22] at the SPEEDY setup [23] , and recorded as list-mode data. Beam currents were limited to ca. 3 nA (0.27 pnA) at small target-to-stopper distances, up to ca. 6 nA (0.54 pnA) at larger distance settings, yielding coincidence rates of about 650-1300 Hz. Eight Compton-shielded clover detectors were mounted, four each at central polar angles 41.5
• and 138.5 Lifetimes were derived from the RDDS data using the differential decay curve method (DDCM) [24] . Since in our case we gate only on directly feeding transitions B into the states of interest, the lifetime of the state at each distance setting x is directly derived by
where curly brackets denote a coincidence intensity, A and B denote the depopulating and feeding transitions, respectively, and u and s denote unshifted and Doppler-shifted components, respectively. Since Eq. (7) another consistency check to avoid systematic errors, and are subsequently averaged.
Spline curves were fitted to the data using the computer program NAPATAU [25] . The splines were fitted to the shifted intensities F (x), and the products τ · H (x) were required to simultaneously fit the unshifted intensities G(x). NAPATAU fits a spline of order 2 to data of shifted [F (x)] and unshifted [G(x)] intensities. The use of a spline is necessary, since the individual feeding paths of the state that is gated on is not known. The number of knots of the spline, which are visible as edges in the G(x) curves due to the low spline order, was kept to the necessary minimum. Examples for the fits to data from one (7)]. The distance between the foils is given on the abscissa. matrix for each distance setting are given in Figs. 2-8. Gating in the matrices and fits to Doppler-shifted and unshifted peaks (at low energies partially overlapping) were performed using the software package TV [26] .
III. RESULTS
Lifetimes were obtained for eight states in the ground state rotational band. Gates were placed on the direct feeding transition for each of the four matrices. The first excited state at 100.8 keV, J π = 2 + 1 , is too long-lived for its lifetime to be derived from this experiment. The value used in this work, τ (2 + 1 ) = 1.74(6) ns, was adopted from a high-precision measurement using fast timing techniques [27] . Table I gives lifetimes and B(E2) values derived in the present work. Results on the individual states are discussed in more detail below.
A. DDCM results
The 4 
∼331
a From the NNDC database [28] . b From Ref. [27] was derived from the gated forward-angle spectra via fits of both the stopped and shifted peak components over all possible distances and subsequent DDCM analysis (see Fig. 2 ). At energies above 500 keV the γ -ray density becomes larger, and most γ rays from higher-lying states are fully Doppler-shifted and, hence, Doppler-broadened. Therefore, gates were carefully chosen in order not to include any not directly feeding transitions. The 10 (11) ps. An example of the DDCM fit is shown in Fig. 5 .
B. DSA corrected DDCM results
The experimental lifetimes of the high-lying ground state band levels with J π = 12 + -16 + are 1 ps. The smallest a Doppler-shift attenuation (DSA) correction was performed via a Monte Carlo simulation of the stopping process over several thousand events. The simulation accounts for a velocity distribution after the target and the subsequent time evolution, including the stopping process in the stopper. The DDCM lifetimes were then corrected by the results of this approach [30] . The first part of the analysis for these states continues as (8) 0.55 (13) outlined above, with gated spectra produced for all four matrix combinations. DDCM lifetimes were then used as input for the DSA simulations. We add another error of 10% in quadrature to the statistical errors to account for uncertainties in stopping powers, choice of background, etc. Table II transition. An example for the DDCM fit is shown in Fig. 6 , yielding a value of 0.99(6) ps, whereas the DSA corrected value for the lifetime is τ (12 170 Hf is far from those energies, gating on these transitions in Au has no effect in the analysis. The DDCM analysis (example shown in Fig. 7 ) for the 14 + 1 state yields a lifetime of 0.59(10) ps, which is DSA corrected to τ (14 + 1 ) = 0.76(11) ps. The highest-lying state that we were able to obtain a lifetime for is the 16 In general, the average lifetime values obtained in the present work are consistently below the values from a previous RDDS experiment restricted to γ -ray singles measurements by Bochev et al. [29] , although not always outside of the individual error bars. Hence, B(E2) values are higher than literature values. This effect could hint at the possibility of incorrect incorporation of indirect (unobserved) feeding in the previous work [29] , where the data could not be cleaned from background contaminants by γ γ -coincidence requirements. In the present work, side-feeding was explicitly excluded by applying coincidence gates on directly feeding transitions, therefore no assumptions of indirect feeding were necessary.
IV. DISCUSSION
Nuclei in this transitional region between spherical vibrators and axially symmetric rotors can be characterized by the energy ratio of the lowest excited states of the rotational ground state band, R 4/2 = E(4 
where I RR is a (constant) moment of inertia. For even-even nuclei, all of the excitation energy of low-lying members of the ground state band can be attributed to rotation. In the CBS model, the nuclear potential is approximated as an infinite square well with fixed positions of the inner wall at deformation β < , and of the outer wall at deformation β W . The amount of centrifugal stretching along an entire rotational band inherent to the model is dependent on one variable, r β , the ratio between the position of the inner and outer walls,
Thus, r β is constrained between 0 [corresponding to the X (5) solution] and 1 [rigid rotor] and, thereby, interpolates between these solutions of the Bohr Hamiltonian. The ratio was fitted to the excitation energies in the GSB of 170 Hf, giving r β = 0.274. For the GSB, the CBS model [19] gives eigenvalues of
where z r β J,1 are the first zeros of combinations of first and second order Bessel functions, as found in detail in Ref. [19] . The fit was performed to energy ratios, avoiding the absolute scale introduced by B in Eq. (10) . B(E2) values in the CBS rotor model are obtained using the E2 transition operator
with an effective charge e eff . Since the focus of this work is on the investigation of centrifugal stretching, we consider the evolution of the relative moments of inertia
and of relative Q T values
.
The R I (J ) values are related to energy ratios by
R I (J ) values from experiment and CBS fit are compared in Fig. 9 whereas a realistic potential would likely have some slope and hence somewhat larger softness at high spins.
Our new lifetimes are sufficiently precise, especially for the low-spin members of the GSB, to allow for a meaningful quantitative comparison of B(E2) values within the GSB. R Q T ratios derived from experiment are shown in Fig. 10 , and show a significant and systematic increase from unity with increasing spin. Hence, the effect of centrifugal stretching is directly observed from transition quadrupole moments, which provide direct access to the effective β deformation. Results from the CBS fit are included in Fig 10. Again, the CBS rotor model is in agreement with data. The structural parameter of r β = 0.274 which was fitted to excitation energies is close to the value of 0.222 which was found for the neighboring 168 Hf. The increase of r β from 168 Hf toward 170 Hf reflects the increase of the stiffness of the potential.
Within the GSB, the stretching is visible [12, 31] in the wave function densities, plotted in Fig. 11 . The center of gravity of the wave functions is pushed to the outer wall of the potential with increasing angular momentum. Hence, centrifugal stretching is an effect of the finite width of the potential.
Data and the CBS model fit show clearly that 170 Hf is not a β-rigid rotor, but rather has a high degree of β-softness. This is despite the large R 4/2 value of 3.2, very close to the rigid rotor limit of 3.33. Moments of inertia, as well as the new data for Q T values, follow the CBS model values almost perfectly, with a relatively small choice of the softness parameter r β of 0.274, fitted to reproduce the R 4/2 ratio.
V. CONCLUSION
We found from the measurement of transitional quadrupole moments of excited states in the GSB of 170 Hf that Q T values increase with spin. This directly relates to an increase of the effective β deformation within the GSB. This effect, called centrifugal stretching, does not agree with the picture of a rigid rotor, but points to a certain degree of softness in the nuclear potential. The interpretation of the Q T result agrees with increasing moments of inertia within the GSB, as inherent to the CBS rotor model. This structural characterization of Hf nuclei around A ≈ 170 is in good agreement with previous descriptions within the IBM [14] , locating these isotopes close to the spherical-deformed phase transition where β-softness is enhanced.
The accuracy of the CBS rotor model is a remarkable result, with only one structural parameter controlling the width of an infinite square well potential. Our result strengthens the applicability of the CBS rotor model to nuclei which are transitional between spherical and axially symmetric deformed nuclei, past the critical value of the phase transition on the deformed side. 
